This paper deals with the notion of weak Lawvere-Tierney topology on a topos. Our motivation to study such a notion is based on the observation that the composition of two Lawvere-Tierney topologies is no longer idempotent, when seen as a closure operator. For a given topos E, in this paper we investigate some properties of this notion. Among other things, it is shown that the set of all weak Lawvere-Tierney topologies on E constitute a complete residuated lattice provided that E is (co)complete. Furthermore, when the weak Lawvere-Tierney topology on E preserves binary meets we give an explicit description of the (restricted) associated sheaf functor on E.
Introduction
It is known that the set of all Lawvere-Tierney (LT-) topologies on an elementary topos E is not closed under the formation of composition. In fact, the composition of two LT-topologies on E preserves the top element of the subobject classifier Ω and preserves binary meets too, but lacks to be idempotent. From this point of view, it is natural to study LT-topologies without idempotency on an arbitrary topos. In point-set topology, closure operators without idempotency are worthwhile [12] . An illuminating point of view on this notion is provided by the concept of aČech closure operator (or a preclosure operator in the sense of [10] ), originally introduced byČech in [9] which is a closure operator without idempotency. In this approach, a pretopological space will be a set equipped with aČech closure operator [12] .
In topos theory, an analogous notion is a weak LT-topology (or a weak topology, for short) on an arbitrary topos. Considering LT-topologies in the framework of [2] , a weak topology is exactly a LT-topology without idempotency. The term 'weak Lawvere-Tierney topology' was coined by Hosseini and Mousavi in [15] . On the other hand, modal closure operators on a category and its types are of interest to some mathematicians, e.g. see [8] and [12] . The correspondence between weak topologies and modal closure operators in a topos are given here. We start in Section 2 to study weak topologies on a topos E and then some properties are investigated. Additionally, we introduce a class of weak topologies, we call it weak ideal topology, on the topos M-Sets by means of left ideals of the monoid M. Here M-Sets is the topos consisting of all representations X ×M− →X of a fixed monoid M on a variable set X. A morphism of M-Sets is a function which respects the action. Also, we show that for a productive weak topology j on E, the full subcategory of all j-sheaves of E, namely Sh j E, is a topos. In section 3, we introduce and study a class of weak topologies on E induced by natural transformations of the identity functor on E, i.e. id E , and we show that in the special case of the topos M-Sets they correspond to weak ideal topologies with respect to certain left ideals of M. In section 4, we show that the weak topologies on a (co)complete topos constitute a complete residuated lattice. It is well known that there is no simple formula for the join of two topologies on a given topos E. We shall use weak topologies as a tool for calculating joins of topologies on a (co)complete topos. In section 5, for a productive weak topology j on E, we establish a left adjoint to the inclusion functor from the category Sep j E of all separated objects of E to the full subcategory C j of E consisting of all objects E of E for which the closure of diagonal subobject △ E of E × E is closed. Moreover we will show that the former category Sep j E is in fact a quasitopos whenever the topos E is complete, cocomplete and co-well-powered. Finally, section 6 is devoted to find the associated sheaf to any separated object of E with respect to a productive weak topology on E. Afterwards, as already indicated in the abstract, we constitute a restricted associated sheaf functor to a productive weak topology j on E. Besides, throughout these sections, we provide some examples, by means of the weak ideal topology on the topos M-Sets, to show that some constructions
given by LT-topologies on an arbitrary topos need not to transfer exactly to weak topologies on a topos.
Weak topology
In this section, we pay our attention to extract the basic properties of weak LTtopologies on topoi. To begin, we recall the following definition from [15] .
Definition 2.1. A weak LT-topology on a topos E is a morphism j : Ω → Ω such that:
in which ∧ : Ω×Ω−→Ω is the conjunction map on Ω and ≤ stands for the internal order on Ω that comes from the equalizer of ∧ and the first projection pr 1 on Ω.
Remark 2.2. 1) It is obvious that a morphism j : Ω → Ω in a topos E is order preserving if and only if j • ∧ ≤ ∧ • (j × j). Moreover, that it preserves the top element means that j • true = true. Thus j : Ω → Ω is a weak topology on a topos E iff j is order preserving and it preserves the top element of Ω.
2) From logical point of view, it is recognized that a weak LT-topology in a topos is essentially the same thing as a uniform weakening operator, defined in [6] , in its internal language. Stated in the context of local set theories, a uniform weakening operator in a local set theory S is a formula • with exactly one free variable of type Ω satisfying the following conditions: for any formulas α, β,
Henceforth, by a weak topology on a topos E we shall mean a weak LT-topology on E.
Recall [15] that an operator on the subobjects of each object E of E
in which the map ∧ E is the map compose via ∧ on Ω. Let us now j be a weak topology on E, E an object of E and A a subobject of E. First, since j • true = true, by diagram (1) it is clear that A ⊆ A as subobjects of E. To prove the monotonicity of (·), it suffices to show that char(A ∩ B) ≤ char(A ∩ B) and then we have A ∩ B ⊆ A ∩ B as subobjects of E, for all subobjects A and B of E. To show that non-equality, we have
in which the last equality holds by the commutativity of diagram (3). Next let f : F → E be an arrow in E and A a subobject of E. By the Pullback
Lemma it is evident that the large rectangle in the diagram below is pullback
/ / Ω so we have char(f −1 (A)) = char(A)f . Hence, we get
Then, f −1 (A) = f −1 (A) as subobjects of F . Thus, (·) is a modal closure operator.
Conversely, let (·) be a modal closure operator defined on all Sub E (E). Since 1 = 1 as subobjects of Ω, then char(1) = char(1) and so j • true = true. By monotonicity of (·), it is straightforward to see that A ∩ B ⊆ A ∩ B for all subobjects A and B of E. Therefore, by the definition of the order on Ω, char(A ∩ B) ≤ char(A ∩ B) and so,
in which the last equality holds by the commutativity of diagram (3). Then, by choosing A = B = 1 as subobjects of Ω, we get j • ∧ ≤ ∧ • (j × j). Now it is easily seen that the two constructions are mutually inverse.
As usual, a monomorphism k : B A in E is j-dense whenever B = A, and j-closed if B = B, as subobjects of A. It is convenient to see that any modal closure operator (·) is weakly hereditary; that is the subobject A ⊆ A is j-dense for each subobject A E (see also [12] ).
Moreover, an object C is called a j-sheaf whenever for any j-dense monomorphism m : B A, one can uniquely extend any arrow h :
We say that C is j-separated if the arrow g exists, it is unique.
For a weak topology j on E, we denote the full subcategories of all j-sheaves and j-separated objects in E by Sh j E and Sep j E, respectively.
For a weak topology j on a topos E, the arrows j, id Ω : Ω → Ω have an equalizer
Let us denote the image of the weak topology j by im(j) (for details, see [22, p. 184]). The following indicates that it is not always necessary to have Ω j = im(j). Hence, we are unable to construct the associated sheaf functor to a weak topology j on E as in [22] .
Proposition 2.4. For a weak topology j on a topos E, we factor j through its image as Ω r ։ im(j)
k Ω. Then j is an idempotent (or equivalently, is a LTtopology on E) if and only if Ω j = im(j), as subobjects of Ω.
Proof. That a weak topology j on a topos E is idempotent if and only if it is a Lawvere-Tierney topology on E is obtained in relating to closure operator corresponding to a LT-topology in the sense of Borceux or Barr which can be found in [5, Vol. I, p. 227] or [2] . Now we proceed to prove the proposition.
Necessity. On the one hand, we always have Ω j ⊆ im(j). To observe this fact, we have k(rm) = (kr)m = jm = m.
Hence, the composition arrow Ω j m Ω r ։ im(j) is the required map which completes the triangle below.
We remark that the equality k(rm) = m indicates that rm is monic. On the other hand, we establish im(j) ⊆ Ω j . By the assumption jj = j, in the equalizer diagram (4), there exists a unique arrow n : Ω → Ω j for which mn = j. This implies that mnkr = jj = j = kr. Since r is an epimorphism it yields that mnk = k. Therefore, the composition arrow im(j) k Ω n → Ω j is the required map which complete the triangle below
Sufficiency. We show that j is idempotent as follows:
This completes the proof.
Notice that the proof of Proposition 2.4 shows that a weak topology j on E is idempotent if and only if we just have im(j) ⊆ Ω j , as subobjects of Ω. Meanwhile, we point out that a weak topology j on E can be rewritten as a LT-topology (in the sense of universal closure operator of Borceux or in the sense of topology of Barr) exactly without idempotency of j or explicitly without the condition j ≥ j 2 :
as one has j • true = true for a weak topology j on E, it yields that j ≤ j 2 .
Next we provide another difference between weak topologies and LT-topologies on a topos.
Remark 2.5. For a weak topology j on E, it can be easily checked that j • ∧ = char(true × true) and ∧ • (j × j) = char(true × true). By Definition 2.1 (ii), it follows that two subobjects 1 × 1 and 1 × 1 of Ω × Ω, are not necessarily equal. This means that the modal closure operator associated to j, namely (·), is not productive; that is the closure does not commute with existing products in E (see also, [12] ). It is easy to see that for a weak topology j on E, the modal closure operator associated to j, i. Following Remark 2.5, a weak topology j on E is called productive if j • ∧ = ∧ • (j × j). Notice that any LT-topology is productive.
Let us now take a monoid M and a left ideal I of M. The ideal (or residual) closure operator with respect to I, which can be found in [13] , is given by
for any sub M-set A of an M-set E (see also, [4] ).
Notice that the subobject classifier Ω M on M-Sets is the set of all right ideals K of M endowed with the action · :
for K ∈ Ω M and m ∈ M. Now, in the following theorem we introduce a class of (productive) weak topologies in the topos M-Sets.
Theorem 2.6. Let I be a left ideal of M. The ideal closure operator (·) as in (5) is a modal closure operator on the topos M-Sets. Moreover, the weak topology corresponding to the ideal closure operator is the action preserving map
Proof. It is straightforward to see that (·) is a modal closure operator on the topos M-Sets. Also, by the diagram (2) and the identity (5) we observe that for any right ideal K of the monoid M we have
Meanwhile, using [13, Theorem 2.10] for any (left) ideal I of M, it is seen that j I is idempotent, (and hence it is a topology on M-Sets) if and only if ((IM) 2 = IM)
By a weak ideal topology induced by the left ideal I of M we mean the weak topology j I defined in Theorem 2.6. One can easily check that j I is a productive weak topology on M-Sets, equivalently, A ∩ B = A∩B for each M-set E and any two sub M-sets A and B of E. Likewise, it is evident that a sub M-set A ⊆ E is j I -dense in M-Sets if and only if EI ⊆ A. Finally, we note that the weak Grothendieck topology induced by the left ideal I of the monoid M (as a category with just one object) associated to (·), which is defined as in [15] in the general case, stands for
For a comprehensive study of weak ideal topology on the topos M-Sets we refer the reader to [19, 21] . Let us now give another examples of productive weak topologies. In an analogous manner to LT-topologies as in [22, Lemma V. 2.1], one can observe that both subcategories Sh j E and Sep j E of E, associated to any weak topology j on E, are closed under all finite limits, as well as under exponentiation with an arbitrary object of E. Therefore, the inclusion functor Sh j E ֒→ E preserves finite limits and exponentials. Also in a similar vein to [22, Lemma V.2.2] the object Ω j as in (4) classifies closed subobjects, in the sense that, for each object E of E, there is a bijection
which is natural in E. Here ClSub E (E) is the set of all closed subobjects of E.
In the following lemma we show that for a productive weak topology j, Ω j is actually a sheaf and hence Sh j E is a topos.
Lemma 2.8. Let j be a productive weak topology on E. Then the object Ω j defined as in (4) is a j-sheaf.
Proof. In view of the isomorphism (8) and by definition of sheaf, it is sufficient to prove that for any j-dense monomorphism n : A E the inverse image map
is an isomorphism. Let us first prove that n −1 is well-defined. Suppose that ι : P E be a closed subobject of E. Since n −1 (P ) = n −1 (P ) = n −1 (P ) it follows that the subobject n −1 (P ) = P ∩ A of A is j-closed.
Also we should remark that for two given (not necessary closed) subobjects P, Q of E, if n −1 (P ) = n −1 (Q) then we have
Next, given a closed subobject ι : P A of A, we form the composition subobject nι : P E of E which is the subobject ∃ n (P ) E (see also [22] ). One can observe that
in which the first and the third equalities hold for P ⊆ A and the second one as P is closed in A. Roughly, by (9) and preceding remark we have ∃ n (P ) = ∃ n (P ) in Sub E (E), so ∃ n (P ) is a closed subobject of E such that n −1 (∃ n (P )) = P .
On the other hand, for any closed subobject Q E of E, we get
in which the last equality holds as Q is closed in E and A is dense there. Therefore, the map n 1 : ClSub E (A) −→ ClSub E (E) defined by n 1 (P ) = ∃ n (P ), for any closed subobject P A of A, is the inverse of n −1 . We are done.
By the above Lemma we can deduce the following Theorem.
Theorem 2.9. For any left ideal I of a monoid M, the category Sh j I M − Sets is a topos.
Take a weak topology j on a topos E. Let us consider in E the equalizer w : L j Ω of the two non-equal arrows j 2 , j : Ω → Ω. For all objects E of E, we shall write CClSub E (E) to denote the set of all subobjects A of E for which A is closed in E. We remark that since j is not idempotent the two sets CClSub E (E) and ClSub E (E) are not the same in general. In an analogous manner to (8) one can observe, for all E of E, the bijection
which is natural in E. It is evident that Ω j ⊆ L j as subobjects of Ω. Meanwhile, the arrow true : 1 → Ω factors through L j .
The following indicates a treatment of L j which is close to M-injectivity property of Ω j , where M is the class of all j-dense monomorphisms in E.
Remark 2.10. Let j be a productive weak topology on E, n : A E a j-dense monomorphism and P A an element of CClSub E (A). We denote here the closure of P as a subobject of A by C(P ), instead of P , which is closed in A, i.e. C(C(P )) = C(P ) by the definition of CClSub E (A). One can consider the inverse image map
which can be easily checked that it is well defined. In a completely similar way as in Lemma 2.8, by replacing C(P ) by P we can deduce that ∃ n (C(P )) belongs to CClSub E (E) and then, n −1 (∃ n (C(P ))) = C(P ) in CClSub E (A).
The following example shows in general that the object L j is not separated.
Example 2.11. Take a zero semigroup S, that is S = 0 and S 2 = 0, and the induced monoid M = S∪{1} by setting s1 = s = 1s and 1 · 1 = 1. Evidently, S is a (two sided) ideal of M. Let j S be the weak ideal topology with respect to the ideal S of M as in Theorem 2.6. Under these circumstances, it is easily seen that
To achieve this, consider the j S -dense monomorphism SM ⊆ M and two action preserving maps f, g : M → L j S given by f (1) = M and g(1) = S. From M = S it follows that f = g. But one can easily observe that the two restriction maps
are equal to the constant map in M.
We point out that the ideal S of M belongs to
by the definition of j S . Also, for the sub M-set S of M, from S = M = S we deduce that the sub M-set S ⊆ M belongs to CClSub M −Sets (M). However, one has S = S. This shows that CClSub M −Sets (M) = ClSub M −Sets (M).
Let
3 Natural endomorphisms and principal weak topologies
In this subsection, we present some properties of the productive weak topology which we have already introduced in Example 2.7 (ii). To begin, we proceed to extend [3, Definition 7.3.3] to weak topologies on a topos E.
Definition 3.1. Let j be a weak topology on E, E an object and V → V stands for the closure operator associated with j on subobjects V ⊆ E. We say j is principal if, for all objects E, the closure operator on Sub E (E) has a left adjoint
In a similar way to [3, Lemma 7.3.5] one gets:
Lemma 3.2. A weak topology j on E is principal if and only if for all objects E of E there exists a least dense subobject U E of E.
We remark that, by the proof of [3, Lemma 7.3.5], for any subobject A E of E, indeed one has U A = A
• as subobjects of E. Also, corresponding to any principal weak topology j, in a similar way to [3, p. 147], there exists a functor E → E
• : E → E denoted by U which we call it the interior functor. In an analogous way to [3] , it is immediate that:
Remark 3.3. Let j be a principal weak topology on a topos E. One can easily check that:
(ii) The interior functor E → E • preserves monos.
(iii) For any f : X → Y in E and V ∈ Sub(X), one has
(iv) The interior functor E → E • is right adjoint to the inclusion of O j E, the category of open objects of E, into E.
For the weak topology α Ω on E, given in Example 2.7 (i), an easy computation shows that a monomorphism m : A E is dense if and only if im(α E ) ⊆ A, as subobjects of E. Consequently, by Lemma 3.2, we have: Proposition 3.4. Let α be a natural endomorphism of the identity functor on E. Then the weak topology α Ω on E is principal in which for all objects E of E, U E is the subobject im(α E ) of E.
Let j be a weak topology on E. In a similar way to [5, Vol. I, p. 235], we will say a morphism f : A → B in E is bidense when its image is j-dense and the equalizer of its kernel pair is j-dense. Then a monomorphism in E is dense if and only if it is bidense. The proof is similar in spirit to [5, Proposition 5.8.2]. Now we record the following theorem:
Theorem 3.5. Let α be a natural endomorphism of the identity functor on E. Then for all objects E of E, α E : E → E is bidense for the weak topology α Ω on E.
Proof. By the paragraph before Proposition 3.4, it is clear that α E is α Ω -dense. Now we construct the kernel pair of α E which is the following pullback
We denote the equalizer of u and v by e : B P . By the natarulity of α, we have uα P = α E u, α E v = vα P . By diagram (11), we get uα P = vα P . As e is the equalizer of u and v there exists an arrow w : P → B such that α P = ew.
Therefore, α P factors through the monic e and then, im(α P ) ⊆ B, as subobjects of P . This means that e is α Ω -dense.
In the topos M-Sets, the monoid of natural endomorphisms of id M −Sets is isomorphic to the center of M. Because corresponding to any natural endomorphism α : id M −Sets → id M −Sets the element α M (1) = m is a central element, Conversely, for any weak ideal topology j mM on M-Sets in which m is in the center
Recall [12] that a pair (F, γ) with an endofunctor F : E → E and a natural transformation γ : id E → F a is called pointed endofunctor of E. A pointed endofunctor (F, γ) is called a prereflection if for every commutative diagram
in E one has h = F (f ). In this regard we have the following remark:
Remark 3.7. Let α be a natural endomorphism of the identity functor on E.
That the pointed endofunctor (id E , α) of E is a prereflection it follows that the full subcategory Fix(id E , α) of E, consisting of all objects A ∈ E such that α A is isomorphism, is closed under all (existing) limits of E. In particular, it is replete and closed under retracts. Furthermore, since (id E , α) is idempotent, i.e. id E α = αid E , so for an object A ∈ E, if α A be a section, then A ∈ Fix(id E , α).
(For details see, [12, p. 109 and 111].) 4 The lattice of (productive) weak topologies
In this section, we are dealing with three lattices consisting of weak topologies, productive weak topologies and topologies on a topos E. We shall describe their structures in detail. Finally, in some special topoi, the smallest topology containing a (productive) weak topology is obtained. It is evident that the set of (productive) weak topologies on a topos E has a natural partial order inherited from the internal partial order on Ω; for (productive) weak topologies j, k : Ω → Ω, define j ≤ k if and only if j = j ∧ k (where j ∧ k is the composite Ω
We denote by Top(E), WTop(E) and PWTop(E) for the posets of topologies, weak topologies and productive weak topologies on E, respectively. It is clear that
Notice that all these posets have the same binary meets which are pointwise, and also they have the top and bottom elements which are true•! Ω and id Ω , respectively.
It is straightforward to verify that the binary joins in WTop(E) are constructed pointwise, that is, if j and k are weak topologies, so is the composite Ω
As Ω is an internal distributive lattice in E, it follows that WTop(E) is distributive. If E be cocomplete, we can define
for all weak topologies j 1 and j 2 on E, where is the join in the (internal) complete Heyting algebra Ω (see [22, p. 497] ). In this case, the structure (WTop(E), ∨, ∧, ⇒ , id Ω , true•! Ω ) is a complete Heyting algebra. (Note that the internal Heyting algebra structure of Ω comes from that of external Heyting algebra structure on the set Sub E (E) of subobjects of any given object E of E.)
In connection to the productive weak topologies, one can easily check that the poset PWTop(E) is a dcpo, i.e. it has directed joins which are computed pointwise. Furthermore, for a (co)complete topos E, the poset PWTop(E) is a complete lattice because it has all meets which are calculated pointwise.
On the other hand, as we have already mentioned in Example 2.7 (i), it is clear that (WTop(E), •, id Ω ) is a monoid in which • is the composition of weak topologies on E. Likewise, it is clear that PWTop(E) is a submonoid of WTop(E).
At this moment, let E be a complete topos. We define two binary operations \ and / on WTop(E) given by
for weak topologies j and k on E. We should remark that k/j and j\k also exist whenever E be a cocomplete topos by [22, p. 497] . Furthermore, it is easily seen that we have
Let us consider the two posets PWTop(E) and WTop(E) in which the order of each one is opposite, i.e., ≥. Then, we have the following (see also, [4, p. 323, 325] and [18] ):
Proof. (i) For productive weak topologies j, j ′ and k on E, we have
This Proves (i).
(ii) The assertion is true by (i) and the equivalences mentioned in (12) .
For a (co)complete topos E, the inclusion functor
has a left adjoint, F : (WTop(E), ≤) → (Top(E), ≤) which, as any left adjoint to an inclusion, assigns to each (productive) weak topology j on E the least topology j ′ on E with the property j ≤ j ′ , we call it the topological reflection of j (or idempotent hull of j in the sense of Dikranian and Tholen [12] ). Indeed, we have
Now we can obtain the following corollary:
Corollary 4.2. The join of a set of topologies {j α } α∈Λ on a (co)complete topos E is the topological reflection of its join in WTop(E), i.e. ( α∈Λ U(j α )) ′ .
Next we intend to compute the topological reflection of any (productive) weak topology by a different method. Let E be a complete or cocomplete topos. Choose a (productive) weak topology j on E. It is convenient to see that for each natural number n, any j n = j • · · · • j (n-times) is also a (productive) weak topology on E. Next, one defines the ascending extended ordinal chain of j:
as follows:
for every (small) ordinal number α and for α = ∞, and for every limit ordinal β and for β = ∞; here ∞, ∞ + 1 are (new) elements with ∞ + 1 > ∞ > α for all α ∈ Ord, the class of small ordinals.
Proposition 4.3. Let j be a (productive) weak topology on a complete or cocomplete topos E. Then j ∞ is the topological reflection of j. That is
Proof. It is straightforward by the corollary of [12, p. 83] . Now, consider the associated sheaf functor a : E → Sh j ∞ E. An easy computation shows that the restriction functor a to the full subcategory Sh j E of E and the inclusion functor Sh j ∞ E ֒→ Sh j E constitute a geometric morphism between two topoi Sh j ∞ E and Sh j E, for a productive weak topology j on E.
The following result shows that the topos of sheaves associated to the composite of two (weak) topologies can be rewritten as the intersection of two sheaf topoi.
Theorem 4.4. Let j and k be two weak topologies on a topos E. Then, we have
Sep kj (E). Moreover, if E is (co)complete then one has Sh j ∞ E = γ<∞ Sh j γ E, as full subcategories of E.
Proof. We only show that Sh jk (E) = Sh j (E) ∩ Sh k (E), the second assertion is similar. First of all, we remark that by [12, p. 73 ] and the natural isomorphism
in which (·) jk stands for the modal closure operator associated to the composite weak topology jk and etc. Let us now assume that B ∈ E be a jk-sheaf. We show that B is a j-sheaf also. To do so, we first prove that any j-dense monomorphism
Thus, B is a j-sheaf. On the other hand, any k-dense monomorphism
Conversely, we can factor any jk-dense monomorphism A E as the composite arrow A A k E in which A A k is a k-dense momomorphism and
A k E, a j-dense momomorphism. Now it is evident by the definition of a sheaf that any object B of E which is both j-sheaf and k-sheaf is also a jk-sheaf. Now we show the last assertion. Since any j-dense monomorphism is clearly j n -dense, for any natural number n, we can establish the chain Sh j E ⊇ Sh j 2 E ⊇ . . . as subcategories of E. Then, Sh j ∞ E = γ<∞ Sh j γ E (see also [17, Corollary A.4.5.16] ).
Separated objects
In the present section, we turn our attention to achieve some necessary and sufficient conditions for the existence of separated object associated to an object of E with respect to a productive weak topology on E. Afterwards, among other things, for a productive weak topology j on E, we construct a left adjoint to the inclusion functor from the category Sep j E to the full subcategory of E consisting of all objects E of E for which the closure of diagonal subobject △ E of E × E is closed.
Following [22, Corollary V.3.6] , for a Lawvere-Tierney topology j on a topos E, an object E of E and the diagonal △ E ∈ Sub E (E × E), the separated object associated to E stands for the coequalizer
in which π 1 and π 2 are the first and second projections. Note that the following example indicates that for a weak topology j on a topos E, the object E ′ as in (13) is not separated in E.
Example 5.1. According to Example 2.11, it is straightforward to see that for any M-set E the j S -closure of △ E is the following congruence
We observe that the factor M-set M/△ M is not separated, i.e.
Sep j S M − Sets. To achieve this conclusion, fix a non-zero element s 0 ∈ S. Also, consider the j S -dense monomorphism SM ⊆ M and two action preserving maps
Since θ E is epic the equality qv = θ E shows that q also is an epic and hence an isomorphism.
(ii) ⇐⇒ (iii). Notice that (ii) is equivalent to j 2 δ E = jδ E . Now the desired equivalence follows from the definition of L j . We note that for a weak topology j on a topos E it is not always true to identify E ′ and S E . To illustrate this fact, we give a counterexample through Theorem 5.2 as follows.
Example 5.3. According to Example 2.11, for any M-set E the j S -closure of △ E is the following congruence
In particular, one has △ M = △ M , and so
However, it is straightforward to see that △ S = △ S and so, S ′ ∼ = S S . Here, S is not j S -separated. To achieve this, fix two distinct elements s, t in S. Moreover, consider the j S -dense monomorphism SM ⊆ M and two action preserving maps
Recall that the kernel pair of a map t : E → W is the pullback of the diagonal △ W along t × t, as in the following pullback situation
The following shows that if we identify E ′ and S E , the arrow θ E is as close to being a monic.
Lemma 5.4. Let j be a productive weak topology on E and E an object of E. If we identify E ′ and S E defined as in (15) , then the kernel pair of
(iv) for any f : A → E, the graph of f is a closed subobject of A × E.
Proof. The parts (i) =⇒ (ii) =⇒ (iii) =⇒ (iv) are proved in a similar way to [22] . Also, the proof of (ii) =⇒ (i) is analogous to Proposition 9.2.4 of [5, Vol. III]. Finally, (iv) =⇒ (ii) is provided by setting f = id E , as △ E stands for the graph of id E .
For a productive weak topology j on a topos E, we write C j for the full subcategory of E consisting of all objects E of E for which the subobject △ E of E × E is closed, i.e. △ E = △ E , It is immediate that 1 ∈ C j and C j is closed under finite products. Notice that in Example 5.3 the semigroup S (as a sub M-set of M) is not separated, however, △ S is closed in S × S with respect to the weak topology j S on M-Sets. Therefore in general Sep j E and C j do not necessarily coincide as subcategories of E.
In the next remark we provide a short characterization of the former subcategory of E.
Remark 5.6. It is immediate that for a principal productive weak topology j on a topos E, one has E ∈ C j if and only if △
• E ⊆ △ E as subobjects of E × E. Furthermore,, for a natural endomorphism α of the identity functor on E, an easy computation shows that a subobject m : A E in E is α Ω -closed if and only if one has char(m) = char(m)α E . Then we have A ∈ C α Ω if and only if α Ω δ A = δ A if and only if δ A = δ A • (α A × α A ). This means that A ∈ C α Ω if and only if the arrow α A : A → A be monic. Note that for any E ∈ E, one has △
Now we construct an adjunction.
Corollary 5.7. For any productive weak topology j on a topos E, the inclusion functor Sep j E C j has a left adjoint L :
Proof. First of all, by Lemma 5.5 ((i) ⇔ (ii)) the inclusion functor Sep j E C j exists. Let E be an object of C j . By Theorem 5.2, E ′ is isomorphic to S E and then, Lemma 5.4 shows that the kernel pair of θ E : E ։ E ′ is precisely the closure △ E of the diagonal △ E ⊆ E × E. Now let F be a separated object and f : E−→F an arrow in C j . It is clear that the diagram 
commutative since F is separated. From the coequalizer diagram 13, we can deduce that there is a unique arrow g : E ′ −→F such that gθ E = f .
In particular we have the following Remark 5.8. Recall [14, p. 87 ] that if B is a complete, cocomplete and co-wellpowered category and A a full subcategory replete in B such that A is closed under the formation of products and subobjects then, A is a reflective subcategory of B. Next let us suppose that E be a complete, cocomplete and co-well-powered topos and j a productive weak topology on E. Since the full subcategory Sep j E of E is closed under the formation of products and subobjects, it follows that it is a reflective subcategory of E. Thus, the inclusion functor Sep j E E has a left adjoint R : E −→ Sep j E. One can construct the functor R by the adjoint functor theorem [1, V. 18.12] . For more discussions see also [11, Definition 3.1] .
The notion of a quasitopos can be found in [17] . With the assumption given by the last paragraph we can show that Sep j E is a quasitopos. Indeed Theorem 5.9. Let E be a complete, cocomplete and co-well-powered topos and j a productive weak topology on E. Then the category Sep j E is a quasitopos.
Proof. As we have already mentioned after Example 2.7, Sep j E is a (finitely) complete category as well as it is closed under exponentiation. Since Sep j E is a reflective subcategory of E it indicates that, by [5, Vol. I, Proposition 3.
5.4],
Sep j E is a cocomplete category. Afterwards, let B be an object of Sep j E and j B = j ×id B , the induced weak topology by j on the slice topos E/B (see also [20] ). One can easily check that
From which it follows that the category Sep j B E/B is cartesian closed. Moreover, any j-dense monomorphism in Sep j E is epic, by the definition of a separated object in E. Meanwhile, any strong monomorphism in Sep j E must be j-closed. For establishing this, associated to any strong monomorphism i : C → E in Sep j E there is a factorization as follows
The arrow ι is j-dense and thus it is epic in Sep j E. Since i is strong it follows that there exists a unique arrow w in the commutative square below
⑧ ⑧ E such that wι = id C , iw =ī. Now we have C ⊆ C. This yields that i is j-closed. Finally Lemma 2.8 and the bijection (8) show that Ω j is a weak subobject classifier for Sep j E.
An adjunction
In the previous section we were concerned with separated object associated to any object of a topos E. Now we shall obtain, among other things, the sheaf associated to any separated object of E with respect to a given productive weak topology j on E.
Following Lemma 5.5(ii), for any separated object E of E the diagonal △ E is a closed subobject of E × E. In this case, the characteristic map of △ E denoted by δ E : E × E → Ω satisfies jδ E = δ E . Then the equalizer diagram (4) gives a unique arrow
